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Name & Surname :………………………………………….. ….. Student No:……………………………….. 

 

Show all your work clearly. Answers without justifications and explicit calculations will get zero points. 

Mobile phones are strictly prohibidden. No extra papers are allowed, use back cover of pages to 

complete your solutions for extra calculations. There are 4 problems. 

 

 

1- (15 pts) Two numbers have sum 15. What are the numbers if the product of the cube of one and the square 

of the other is as large as possible? 

 

 

𝐿𝑒𝑡 𝑥, 𝑦 ∈ ℝ 𝑎𝑛𝑑 𝑥 + 𝑦 = 15, 
 

𝑃(𝑥, 𝑦) = 𝑥3 𝑦2 𝑤ℎ𝑒𝑟𝑒 𝑦 = 15 − 𝑥 
 

𝑆𝑜, 𝑃(𝑥) = 𝑥3 (15 − 𝑥)2 
 

𝑃′(𝑥) = 3𝑥2 (15 − 𝑥)2 − 2𝑥3 (15 − 𝑥) = 0 
 

3𝑥2 (15 − 𝑥) [3(15 − 𝑥) − 2𝑥] = 0 
 

3𝑥2 (15 − 𝑥) [45 − 5𝑥] = 0 
 

𝑥 = 0, 𝑥 = 15 𝑎𝑛𝑑 𝑥 = 9 𝑎𝑟𝑒 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑝𝑜𝑖𝑛𝑡𝑠 𝑎𝑛𝑑 

𝑖𝑡 𝑖𝑠 𝑜𝑏𝑣𝑖𝑜𝑢𝑠 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒 𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑃(𝑥) 𝑖𝑠 𝑎𝑡 𝑥 = 9 . 
𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒; 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑎𝑟𝑒 𝑥 = 9 𝑎𝑛𝑑 𝑦 = 6. 

 

 

 

  



 

 

 

2- (15+15=30 pts)  Solve the following integrals 

 

𝑎)   ∫
𝑥 − 2

𝑥2 + 𝑥
𝑑𝑥 

 

𝑏)   ∫
1

√9 + 𝑥2
𝑑𝑥 

 

 

 

𝑎)   𝑈𝑠𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑠 𝑚𝑒𝑡ℎ𝑜𝑑 
 

𝑥 − 2

𝑥2 + 𝑥
=

𝑥 − 2

𝑥(𝑥 + 1)
=

𝐴

𝑥
+

𝐵

𝑥 + 1
 

 

𝐴(𝑥 + 1) + 𝐵𝑥 = 𝑥 − 2 
𝐴 = −2 

𝐴 + 𝐵 = 1 → 𝐵 = 3 
 

∫
𝑥 − 2

𝑥2 + 𝑥
𝑑𝑥 = ∫ (

−2

𝑥
+

3

𝑥 + 1
) 𝑑𝑥 = −2𝑙𝑛|𝑥| + 3𝑙𝑛|𝑥 + 1| + 𝑐 

 

 

 

𝑏)   𝑈𝑠𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑜𝑛 𝑚𝑒𝑡ℎ𝑜𝑑 

𝐿𝑒𝑡 𝑥 = 3𝑡𝑎𝑛𝜃 𝑡ℎ𝑒𝑛 𝑑𝑥 = 3𝑠𝑒𝑐2𝜃𝑑𝜃. 
 

𝐼 = ∫
1

√9 + 𝑥2
𝑑𝑥 

 

= ∫
3𝑠𝑒𝑐2𝜃𝑑𝜃

√9 + 9𝑡𝑎𝑛2𝜃
= ∫

3𝑠𝑒𝑐2𝜃𝑑𝜃

√9𝑠𝑒𝑐2𝜃
= ∫

3𝑠𝑒𝑐2𝜃𝑑𝜃

3𝑠𝑒𝑐𝜃
 

 

= ∫ 𝑠𝑒𝑐𝜃𝑑𝜃 = 𝑙𝑛|𝑠𝑒𝑐𝜃 + 𝑡𝑎𝑛𝜃| + 𝑐 

 

𝑊𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝑡𝑎𝑛𝜃 =
𝑥

3
 𝑎𝑛𝑑 𝑠𝑒𝑐𝜃 =

√9 + 𝑥2

3
.   

 

𝐻𝑒𝑛𝑐𝑒;  𝐼 =  𝑙𝑛 |
√9 + 𝑥2

3
+

𝑥

3
| + 𝑐. 

 

 
  



 

 

3- (15+15=30 pts)  Find the areas of the regions bounded by the given curves 

 

𝑎) 𝑎𝑏𝑜𝑣𝑒 𝑦 = 0, 𝑏𝑒𝑙𝑜𝑤 𝑦 =
1

𝑥
 𝑎𝑛𝑑 𝑡𝑜 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 𝑜𝑓 𝑥 = 1. 

 

𝑏) 𝑦 = 𝑥 𝑎𝑛𝑑  𝑦 = 𝑥2 − 𝑥. 
 

 

 

 

 

 

 

a) 

 

 

𝐴 = ∫
1

𝑥

∞

1

𝑑𝑥 

 

= lim
𝑅→∞

∫
1

𝑥

𝑅

1

𝑑𝑥 = lim
𝑅→∞

𝑙𝑛𝑥 |𝑅
1

| 

 

= lim
𝑅→∞

𝑙𝑛𝑅 = ∞ 

 

 

 

 

 
 

b) 

 

 

𝑥 = 𝑥2 − 𝑥 
 

𝑥2 − 2𝑥 = 𝑥(𝑥 − 2) = 0 
 

𝑥 = 0 𝑎𝑛𝑑 𝑥 = 2 𝑎𝑟𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑝𝑜𝑖𝑛𝑡𝑠. 
 

𝐴𝑟𝑒𝑎 𝑖𝑠 𝐴 = ∫ (𝑥 − 𝑥2 + 𝑥)
2

0

𝑑𝑥 

 

= [𝑥2 −
𝑥3

3
] |

2
0

=
4

3
 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

4- (15+10=25 pts) Find the following limits 

 

𝑎)   lim
𝑥→0

1

𝑥
∫ √1 + 𝑡2𝑑𝑡

2+𝑥

2

 

 

𝑏)   lim
𝑥→

𝜋
2

𝑙𝑛(𝑠𝑖𝑛𝑥)

𝑐𝑜𝑠𝑥
 

 

 

 

 

 

𝑎)   lim
𝑥→0

1

𝑥
∫ √1 + 𝑡2𝑑𝑡

2+𝑥

2

=  lim
𝑥→0

∫ √1 + 𝑡2𝑑𝑡
2+𝑥

2

𝑥
             [

0

0
]  𝑢𝑠𝑒 𝐿′ℎ𝑜𝑠𝑝𝑖𝑡𝑎𝑙 𝑎𝑛𝑑 𝐹. 𝑇. 𝐶 

 

= lim
𝑥→0

√1 + (2 + 𝑥)2

1
= √5 

 

 

 

 

 

 

 

 

𝑏)   lim
𝑥→

𝜋
2

𝑙𝑛(𝑠𝑖𝑛𝑥)

𝑐𝑜𝑠𝑥
        [

0

0
]  𝑢𝑠𝑒 𝐿′ℎ𝑜𝑠𝑝𝑖𝑡𝑎𝑙  

 

   lim
𝑥→

𝜋
2

𝑐𝑜𝑠𝑥
𝑠𝑖𝑛𝑥

−𝑠𝑖𝑛𝑥
=    lim

𝑥→
𝜋
2

𝑐𝑜𝑠𝑥

−𝑠𝑖𝑛2𝑥
= 0 

 

 

 


