Yeditepe University
Math 160 Introductory Calculus
02" January 2017, Final Exam
Solution Key

Show all your work clearly. Answers without justifications and explicit calculations will get zero points.
Mobile phones are strictly prohibidden. No extra papers are allowed, use back cover of pages to
complete your solutions for extra calculations. There are 4 problems.

1- (15 pts) Two numbers have sum 15. What are the numbers if the product of the cube of one and the square
of the other is as large as possible?

Let x,y € Rand x + y = 15,

P(x,y) = x3 y> wherey = 15 — x

So, P(x) = x3 (15 — x)?

P'(x) =3x?(15—x)2-2x3(15—x) =0
3x2(15—x) [3(15—x)—2x] =0
3x%2(15—x) [45—-5x] =0

x =0,x =15 and x = 9 are critical points and

it is obvious that the largest value of P(x) isatx =9.
Therefore; the numbers are x =9 and y = 6.



2- (15+15=30 pts) Solve the following integrals

a) fx—de

x%+x

y [
) e

a) Use integration of rational fractions method

x—2  x—=2 _A+ B
x2+x x(x+1) x x+1

Ax+1)+Bx=x—2
A=-2
A+B=1->B=3

x—2 -2 3
f > dx=f(—+ )dx=—2ln|x|+3ln|x+1|+c
X+ x x x+1

b) Use inverse trigonometric substitution method
Let x = 3tan® then dx = 3sec?6d0.

1
I=j dx
VO + x2

B 3sec?0d6o B J‘ 3sec?0d6O B 3sec?0d6O
V9 + 9tan?60 V9sec?0 3secl

= Jsecedé? = In|secB + tanb| + ¢

X VO + x2
We know that tan@ = 3 and sec = 3
VO+x2 «x
Hence; I = In 3 3 +c.




3- (15+15=30 pts) Find the areas of the regions bounded by the given curves
1
a) abovey = 0,belowy = o and to the right of x = 1.

b)y =xand y = x* — x.

a)
*1
A:f —dx
1
R
[ N =lim | —dx = lim lnx|R |
R— 1 X R-
= lim InR =
R—o0
b)
Xx=x%—x

x> =2x=x(x—-2)=0

y x = 0 and x = 2 are intersection points.

Areais A = f(x—x + x)dx

-3l



4- (15+10=25 pts) Find the following limits

2+x

1
a) lim— V1 +t2dt

x-0X 2

~In(sinx)
b) lim————2
X% COSX

2+x ST+ e2de 0
a) lim— Vv1+tidt = lirr(l) fz . [5] use L'hospital and F.T.C
X—

x-0X 2

EacEn e

x—0 1

~ In(sinx)
b) lim————~
x_)% COSX

0
[—] use L' hospital
0
COSX
m Sinx_ _ —_
x_% —sinx x_% —sin“x

coSsx




